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The improved light-cone distribution amplitudes (LCDAs) of the Λ baryon are
examined on the basis of the QCD conformal partial wave expansion approach. The
calculations are carried out to the next-to-leading order of conformal spin accuracy
with consideration of twist 6. The next leading order conformal expansion coef-
ficients are related to the nonperturbative parameters defined by the local three
quark operator matrix elements with different Lorentz structures with a covariant
derivative. The nonperturbative parameters are determined with the QCD sum rule
method. The explicit expressions of the LCDAs are provided as the main results.
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I. INTRODUCTION
Many achievements have been made in the past years in the area of the elementary
particle physics at high energy scale with the experiments carried out at LHC, BESIII,
RIHC and other high energy factories. However, we have to conquer the nonperturbative
difficulties in QCD whenever dealing with phenomena in hadron physics. The nonpertur-
bative effect is related to the intrinsic structure of the QCD vacuum. Before this problem
is resolved completely, some effective nonperturbative tools are still needed in order to
analyze physics related to the hadronic scale. QCD sum rules is a useful tool to estimate
unknown hadronic parameters. Calculating the correlation functions that involve hadron
properties both at quark level and hadronic level, the hadronic parameters can be estimated
by matching the phenomenon and theoretical sides with quark-hadron duality approach
[1]. Light-cone QCD sum rules (LCSR)[2–4] is a development of the traditional QCD sum
rules. The fundamental inputs in LCSR are the light-cone distribution amplitudes, which
describe the distribution of the hadron momentum on the particles inside the hadron.
Light-cone QCD sum rules has been adopted to study properties of baryon physics, espe-
cially the heavy flavor physics[5] and electromagnetic form factors[6], after their successful
applications of the heavy to light meson transition form factors[7]. Some of the previous
works [8] shows that when using LCDAs from conformal spin expansion approach, the
next-to-leading order corrections may affect the results to some extent, particularly for
2the dynamical processes. In recent years, much data on the heavy Λb baryon has been
accumulated at LHC[9] and CDF[10], which provide an excellent platform to investigate
the intrinsic properties of QCD. Therefore the higher order corrections to the LCDAs of
the Λ baryon is instructive in investigating the nonperturbative effects at hadron level.
In the previous works, we present the light-cone distribution amplitudes of Σ baryon[11]
and the higher order corrections to the next-to-leading order accuracy of the conformal spin
expansion[12]. This article is a complement to the previous ones and we aim to present
the explicit expressions of the light-cone distribution amplitudes of the Λ baryon in the
approach of conformal spin expansion[13–16] to the next-to-leading order. In comparison
with the nucleon or the Σ and Ξ baryon[11, 17], Λ has isospin 0, which makes it loose
the symmetry relationships from the identity of the quarks. As a result, the equations to
reduce the freedom of the nonperturbative parameters have different origins from that of
the other Octet JP = 1
2
+
baryons. One of the main results of the paper is to give such
relations.
It is the same as that in Ref. [12], we do not consider higher twist effects from four-
particle contributions. The higher order conformal spin contribution comes from the higher
expansion of the non-local three-quark matrix element between vacuum and the baryon
state. The nonperturbative parameters are determined by the higher moment of the local
composite operators of the baryon, which can be defined by different coupling constants.
Then these coupling constants are connected to the parameters of the conformal spin
expansion.
The rest of the paper is organized as follows. Section II is devoted to present a general
frame work of the LCDAs. The conformal partial wave expansion of the LCDAs is carried
out by use of the conformal symmetry of the massless QCD Lagrangian. The equations
of motion are used to reduce the number of the free parameters from 24 to 10. The
nonperturbative parameters connected with the LCDAs are determined in Sec. III with
the QCD sum rule method. Finally, we give the explicit expressions of the Λ baryon LCDAs
in Sec. IV. Section V is a summary of the paper.
II. DEFINITIONS AND CONFORMAL EXPANSION
Light-cone distribution amplitudes of hadrons characterize the nonperturbative prop-
erties of the hadrons by describing the momentum distribution of the partons inside the
composite particle. LCDAs are fundamental parameters in light-cone QCD sum rules and
the hard exclusive processes theory [18, 19]. It is the same as definitions in Refs. [11, 13, 20],
the LCDAs of the Λ baryon can be defined by the general Lorentz expansion of the matrix





γ(a3z)|Λ(P )〉 , (1)
3where α, β, γ are Lorentz indices and i, j, k represent color ones. It is pointed out that the




µ(tx+(1−t)y)] need to be inserted to make the
matrix element above gauge invariant. In practice, fixed-point gauge (x−y)µAµ(x−y) = 0
is adopted so that this factor is equal to unity. Thus in this paper we do not show them
explicitly.
The matrix element (1) can be generally decomposed in consideration of the Lorentz
















where Λγ is the spinor of the baryon with the quantum number I(J
P ) = 0(1
2
+
) (I is the
isospin, J is the total angular momentum, and P is the parity), Γ1(2)i are certain Dirac
structures over which the sum is carried out, and Fi = Si,Pi,Ai,Vi, Ti are the independent
distribution amplitudes which are functions of the scalar product P ·z[11]. It is also noticed
that z and p are vectors defined on the light-cone: z2 = 0 and p2 = 0.
The matrix element in Eq. (2) can also be decomposed with definite twist and corre-
















These two sets of definitions have the following relations:
S1 = S1 , 2p · z S2 = S1 − S2 ,
P1 = P1 , 2p · z P2 = P2 − P1 ,
V1 = V1 , 2p · zV2 = V1 − V2 − V3 ,
2V3 = V3 , 4p · zV4 = −2V1 + V3 + V4 + 2V5 ,
4p · zV5 = V4 − V3 , (2p · z)
2V6 = −V1 + V2 + V3 + V4 + V5 − V6 (4)
for scalar, pseudoscalar, and vector structures, and
A1 = A1 , 2p · zA2 = −A1 + A2 −A3 ,
2A3 = A3 , 4p · zA4 = −2A1 −A3 − A4 + 2A5 ,
4p · zA5 = A3 − A4 , (2p · z)
2A6 = A1 −A2 + A3 + A4 −A5 + A6 (5)
for axial-vector structures, and
T1 = T1 , 2p · zT2 = T1 + T2 − 2T3 ,
2T3 = T7 , 2p · zT4 = T1 − T2 − 2T7 ,
2p · zT5 = −T1 + T5 + 2T8 , (2p · z)
2T6 = 2T2 − 2T3 − 2T4 + 2T5 + 2T7 + 2T8 ,
4p · zT7 = T7 − T8 , (2p · z)
2T8 = −T1 + T2 + T5 − T6 + 2T7 + 2T8 (6)
4for tensor structures.
The classifications of the LCDAs Fi with a definite twist and the explicit expressions
of the definition can be found in Refs. [11, 13]. Each distribution amplitude Fi can be
represented as








where the dimensionless variables xi meet the relations 0 < xi < 1 and
∑
i
xi = 1, cor-
responding to the longitudinal momentum fractions along the light-cone carried by the





dx1dx2dx3δ(x1 + x2 + x3 − 1). (8)











This relation can be used to reduce the number of the independent functions. Taking into
account the Lorentz decomposition of the γ-matrix structure, it is easy to see that the
vector and tensor LCDAs are antisymmetric under the exchange of the u and d quarks,
whereas the scalar, pseudoscalar and axial-vector structures are symmetric:
Vi(1, 2, 3) = −Vi(2, 1, 3), Ti(1, 2, 3) = −Ti(2, 1, 3),
Si(1, 2, 3) = Si(2, 1, 3), Pi(1, 2, 3) = P (2, 1, 3),
Ai(1, 2, 3) = A(2, 1, 3). (10)
The “calligraphic” structures in Eq. (2) have the similar relationships.
In order to get the LCDAs of the baryon, we need express the LCDAs defined above
with chiral field representation, so as to use the conformal symmetry of the massless QCD
Lagrangian. The explicit expressions and the relations between different definitions are
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6 (x1 − x2) + φ
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6 (x1 − x2) + t
+
6 (1− 3x3) + ...] (14)
for twist-6. There are altogether 42 expansion coefficients which need to be determined (In
fact, the free parameters in functions Ti(i = 1, 2, 5, 6) can be reduced due to the symmetry
relationships in Eq. (10), which will be given at the end of this section).
To the next-to-leading order, the normalization of the Λ baryon LCDAs is determined
by the matrix element of the nonlocal three-quark operator expanded to the next leading
























The local operator matrix element on the right side of Eq. (15) can be generally de-










































































6for the next leading order ones. There are altogether 24 nonperturbative parameters in
the expressions. However, the parameters defined above are not independent and can be
reduced with the help of the equations of motion. The constraints are:
〈0|ǫijkui(0)Cγ5γρd
j(0)γλ[iDλsγ ]
k(0)|Λ, P 〉 = 0 ,
〈0|ǫijkui(0)Cγ5γ
λdj(0)[iDλsγ ]
k(0)|Λ, P 〉 = Pλ〈0|ǫ
ijkui(0)Cγ5γλd





















γ(0)|Λ, P 〉 ,
〈0|ǫijkui(0)Ciσλµ
↔
iDµ dj(0)skγ(0)|Λ, P 〉
= −P µ〈0|ǫijkui(0)Ciσλµd
j(0)sk(0)|Λ, P 〉+ 〈0|ǫijk[u(0)Ciσλµd(0)]
ijiDµskγ(0)|Λ, P 〉 ,
〈0|ǫijkui(0)Ciγ5σλµ
↔
iDµ dj(0)skγ(0)|Λ, P 〉
= −P µ〈0|ǫijkui(0)Ciγ5σλµd
j(0)sk(0)|Λ, P 〉+ 〈0|ǫijk[u(0)Ciγ5σλµd(0)]













j(0)skγ(0)|Λ, P 〉 − 〈0|ǫ
ijkui(0)Cγδγ5d
j(0)[iDαsγ]
k(0)|Λ, P 〉] .
(19)
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1 as the independent parameters, the other








































































(T 01 − 3T
0
2 ),














2 = 0. (21)
There are so far 10 independent parameters to be determined to give the expressions of
the LCDAs of Λ. To this end, the six coupling constants defined by the following matrix






6z(iz ~Dsk)(0)|Λ(P )〉 = fΛA
s
1(P · z)









k(0)|Λ(P )〉 = −fΛA
q
1(P · z)






6zγu(iz ~Dsk)(0)|Λ〉 = λ1f
s




















µνsk(0)|Λ(P )〉 = −λ3f
q









k)(0)|Λ(P )〉 = −λ3f
q
4 (P · z)M
2 6zΛ(P )γ .
(22)
Another four coupling constants are defined by the leading order local operator matrix
























k(0)|P 〉 = λ3M
2Λ(P ) . (23)









coupling constants defined in Eqs. (22) and (23) are give as:
fΛ = A
0

























































8With the above preparations we can express all the independent parameters by the non-
perturbative coupling constants defined in Eqs. (22) and (23):










































(7f q3 + 8f
q
4 ),
P01 = λ2, S
0
1 = λ3. (25)
A tedious calculation shows that coefficients in Eqs. (11)-(14) can be expressed to the






















































6 = 0 (26)









































































































































































































































































































for the next-to-leading order.
III. NUMERICAL ANALYSIS OF THE SUM RULES FOR THE
NONPERTURBATIVE PARAMETERS
The next step is to determine the nonperturbative parameters defined in Eq. (22) which
give the estimations of the conformal expansion coefficients of the light-cone distribution
amplitudes with the chiral field representation. We use two-point QCD sum rules [1] to
reach this aim in this section. This method has been used to calculate the higher moments
10
of the baryon LCDAs thirty years ago [21]. It starts from the two-point correlation function.
On one side the phenomenon representation is obtained by inserting a complete set of
hadron states that have the same quantum numbers as the Λ baryon. On the other side,
the correlation function can be calculated directly at quark level in aid of the operator
product expansion (OPE) technique. The nonperturbative effects are included into the
so-called vacuum condensates. Then matching the two sides with the help of quark-hadron
duality, the nonperturbative parameters can be expressed by the integral of the spectral
density plus the vacuum condensates. In the calculations we consider vacuum condensates
up to dimension 6. The detailed processes are referred to the previous work [12]. In
compliance with the standard procedure of the QCD sum rule method, we arrive at the
following results:













































































































































{[(1− x)(3− 27x− 47x2 + 13x3 − 2x4)
−60x2 ln x]} +
〈g2G2〉
33 × 29π4























{[(1− x)(3 − 27x− 47x2 + 13x3 − 2x4)
−60x ln x]} −
〈g2G2〉
32 × 29π4


























































Before getting the sum rules above, we perform the Borel transformation on the squared
transfer momentum to make the sum rules more reliable. Therefore we first need to deter-
mine the working window of the Borel parameter, which is obtained by requiring that both
the higher order resonance contributions are subdominant in comparison with the pole
contribution and the higher dimension contributions have a good convergence. In detail,
we choose the lower limit of the Borel mass by requiring that the condensate contributions
Πcond. are less than 30% and have good convergence with the increment of dimension. At
the same time, the resonance contributions are less than that of the pole terms which give
the upper limit of M2B. To satisfy the above criterion we set the Borel mass for different
sum rules which are presented in Tab.I.
Another important parameter in the QCD sum rules is the threshold s0, by choosing
which the higher resonance and continuum contributions can be represented by the integral
of the spectral density with the help of quark-hadron duality. The threshold is usually
connected with the first excited state which has the same quantum number as the concerned
composite particle. It is also required that the sum rule does not dependent on the threshold
very much. In compliance with the above requirements, in the numerical analysis we use
2.5 GeV2 ≤ s0 ≤ 2.7 GeV
2.
Finally, the inputs of the vacuum condensates we used are the standard values: a =
−(2π)2〈u¯u〉 = 0.55 GeV3, b = (2π)2〈αsG
2/π〉 = 0.47 GeV4, as = −(2π)
2〈s¯s〉 = 0.8a,




0 = 0.8 GeV
2. The mass of the strange quark is used as
ms = 0.15GeV. The baryon mass is adopted the central value of Λ presented by the
Particle Data Group (PDG) [22]: MΛ = 1.116GeV. The sum rules dependent on the Borel
parameters are shown in Fig.1. The estimations of the nonperturbative parameters are
shown in Tab.I. In the numerical analysis the errors of the coupling constants come from
both the variation of the Borel mass and the threshold s0. It is noticed that the figures
show that not all the coupling constants increase with the increment of s0. This lies in
the fact that our definitions in Eq.(22) are related to the couplings of leading order ones.
That is to say, the results are the obtained expressions divided by the squared coupling
constants of the leading order.
13
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FIG. 1: Borel working window of the nonperturbative parameters with threshold s0. The solid,














































FIG. 2: Twist-3 distribution amplitudes Φ3(xi), t1(xi) (up) and Twist-4 distribution amplitudes
Φ4(xi), Ψ4(xi) (down).
IV. EXPLICIT EXPRESSIONS OF THE Λ LCDAS
Now we can write down the explicit expressions of the Λ baryon LCDAs defined in
Eq.(2). By considering expressions in (11) to (14), we first plot the twist-3 distribution
amplitudes Φ3(xi), t1(xi) and two of the twist-4 distribution amplitudes Φ4(xi), Ψ4(xi) in
Fig. 2 as an example.
For the definition in (3), our results are listed as follows: Twist-3 distribution amplitudes
of Λ are
V1(xi) = 120x1x2x3(x1 − x2)φ
−









1 (x1 − x2) + t
+
1 (1− 3x3)]. (46)
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Twist-4 distribution amplitudes are






































V2(xi) = 24x1x2(x1 − x2)φ
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−
4 + 12(x1 − x2)x3ψ
−
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V4(xi) = 3(x2 − x1)ψ
0
5 − 3(x2 − x1)x3ψ
−
5 + 3(x2 − x1)(1− 2x2 − 2x1)ψ
+
5 ,
A4(xi) = −3(1− x3)ψ
0
5 − 3(2x1x2 − (x1 + x2))ψ
−
5 − 3(x1 + x2)(1− 2x1 − 2x2)ψ
+
5 ,
V5(xi) = 6x3(x1 − x2)φ
−




























































Finally twist-6 distribution amplitudes are
V6(xi) = 2φ
−









6 (x1 − x2) + t
+
6 (1− 3x3)]. (49)
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V. SUMMARY
We present the improved LCDAs of the Λ baryon up to twist 6. Our calculations are
based on the conformal symmetry of the massless QCD Lagrangian. Using the relations
from the isospin property I = 0 of the baryon, the number of the independent LCDAs is
reduced to 14. The LCDAs defined with chiral-field representations are expanded according
to the conformal spin to the next-to-leading order. The next-to-leading order corrections of
the LCDAs come from the expansion of the nonlocal three-quark operator matrix element
at zero point to the second order. In consideration of the general Lorentz decomposition,
the three matrix elements of the local three-quark operator can be parameterized with 24
variables. With the constrains from the equations of motion, the number of the independent
parameters is reduced to 10.
The independent 10 parameters can be related to the coupling constants defined by
the matrix elements of different Lorentz structures between the vacuum and the baryon
state. Then the conformal expansion parameters are expressed by these coupling constants.
Finally the QCD sum rules method is used to estimate these constants. The explicit
expressions of the LCDAs of the Λ baryon are presented as the main results of this paper.
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